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Abstract: Forest growth and yield models that describe the heterogeneity of a stand by implicitly defining size
classes are valuable tools for sustainable forest management. In stand-level growth and yield models, often stand
tables representing numbers of trees by diameter class are projected through the use of probability density
functions (PDFs). Theoretical knowledge shows and empirical studies corroborate that the four-parameter
Johnson’s SB PDF provides greater generality in fitting diameter distributions than many of the commonly
applied PDFs in forestry, such as the beta, gamma, and Weibull PDFs. Distinct parameter estimation methods
are available for the Johnson’s SB distribution. However, few studies have been conducted that estimate the
Johnson’s SB PDF using a parameter recovery approach. Also, for those studies that have used a parameter
recovery approach, often one (i.e., the location) or two (i.e., the location and the range) of the four parameters
are assumed to be known. In this article, we present a parameter recovery approach to recover all four parameters
of the Johnson’s SB PDF for diameter distributions from stand variables. The location, range, and shape
parameters are recovered from the median and the first three noncentral moments of the diameter distribution.
The first two of these noncentral moments correspond to the average and quadratic mean diameter. The third
moment is interpreted as the product of the mean diameter for the diameter distribution based on basal area,
rather than stems per ha, and the squared quadratic mean diameter. The proposed methodology is demonstrated
for maritime pine (Pinus pinaster Ait.) stands in Portugal. FOR. SCI. 55(4):367–373.
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ARITIME PINE (PINUS PINASTER AIT.) is the principal softwood species in Portugal, with a coverage of 23% of the continental forested area.
According to the SCC_PP (Composition Classification
System for Pinus Pinaster, by Fonseca et al. 2005), which
classifies stand horizontal structure based on heterogeneity
of tree diameters, 61% of maritime pine pure stands are
homogeneous in composition with diameter distributions
not exceeding 25 cm in range and 5.5 cm in SD. The
remaining 39% have wider ranges of diameters, often with
an irregularly shaped diameter distribution (e.g., may be
multimodal). Detailed information about the variability of
tree diameters in natural or altered stands is a key indicator
for sustainable forest management and is needed to assess
carbon sequestration of the tree components in forest
ecosystems.
Attempts to numerically analyze stem diameter distributions date from the early 1900s (Loetsch et al. 1973). Since
then, many different procedures to represent the variety of
observed diameter distributions have been advocated and
tested. For Portuguese maritime pine managed stands, good
results were obtained using three probability density functions (PDFs): the three-parameter Weibull PDF, suggested
for use in forestry by Bailey and Dell (1973); a distribution-free PDF fitted using the percentile-based method, developed by Borders et al. (1987); and the four-parameter

Johnson’s SB PDF (Johnson 1949). Details concerning application of each of these distributions to Portuguese forests
can be found in Páscoa (1987), Marques and Bento (1989),
and Fonseca (2004), respectively. Many studies support the
use of the Johnson’s SB distribution to accurately describe
diameter distributions (e.g., Hafley and Schreuder 1977,
Von Gadow 1983, Mowrer 1986, Tham 1988, Kamziah
1998, Scolforo and Thierschi 1998, Lopes 2001, Kiviste et
al. 2003, Parresol 2003, Fonseca 2004), height distributions
(e.g., Hafley and Schreuder 1977), and volume ratio distributions (e.g., Newberry and Burk 1985) for a variety of tree
species.
Johnson’s SB PDF (hereafter called the SB PDF or SB
distribution) is part of a system of distributions proposed by
Johnson (1949) generated by methods of translation on a
standard normal variate that permits representation over the
whole possible region of the plane (␤1, ␤2), where ␤1 is the
square of the standardized measure of skewness and ␤2 is
the standardized measure of kurtosis. The system consists of
three distribution families: SU, SL, and SB, defined, respectively, for unbounded variates, variates bounded at one end,
and bounded from above and below. The PDF for a variable
X that follows an SB PDF can be expressed as,
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where , ␦ ⬎ 0, ⫺⬁ ⬍  ⬍ ⬁, ⫺⬁ ⬍ ␥ ⬍ ⬁. The parameter
 gives the range,  is the location parameter (lower bound),
␦ and ␥ are shape parameters, and ␥ ⫽ 0 indicates
symmetry.
The SB PDF possesses two properties that make it well
suited to represent biological variables. First, because of the
lower bound, , and upper bound,  ⫹ , the SB PDF can
represent variables that have physical or natural constraints
on their range. Second, the two parameters controlling the
shape (␦ and ␥) allow a considerable amount of flexibility to
fit a broad spectrum of distribution.
Parameters of the SB PDF can be estimated by the
percentile method, maximum likelihood, moments, and linear or nonlinear regression methods. Most approaches require a priori specification of one of the bounds of the
distribution (an evaluation and comparison of the existing
methods can be found in Zhou and McTague 1996, Kamziah et al. 1999, Scolforo et al. 2003, and Zhang et al. 2003).
The use of the SB distribution for diameter distributions in
forest growth and yield models, fitted using parameter prediction or recovery methods (e.g., Hyink and Moser 1983),
have been tested, although to a lesser extent. The parameter
prediction approach has the following disadvantages: this
approach does not assure compatibility between stand values generated from a distribution and the estimated (or
observed) stand values and functions to relate one or more
parameters to stand variables usually account for only a
small proportion of the variation in parameters. For example, the shape parameter ␦ has been shown to only weakly
correlate with age (Kamziah 1998, Scolforo et al. 2003,
Fonseca 2004). Better results are achieved through a parameter recovery-based approach or a mixed parameter
recovery/parameter prediction approach. With the documented error index (Reynolds et al. 1988, see definition
under the Assessment Criteria section of this article) values
for comparable maritime pine stands, the SB PDF provides
a better goodness of fit than the distribution-free percentile
method or fitting the Weibull function (Fonseca 2004).
Rennolls and Wang (2005) presented a definition of the
SB distribution in terms of the inverse transformation from
normality, pointing out that the new parameterization is
more natural than the one commonly used. According to
Wang and Rennolls (2005), a new distribution model,
named by the authors as the “logit-logistic” distribution,
expands the coverage of the original SB distribution in the
skew-kurtosis shape-space.
Because Johnson’s SB was shown to be accurate in
representing diameter distributions for many species including maritime pine, it was selected to represent diameter
distributions in the new growth-and-yield model ModisPinaster (Model with diameter distribution for Pinus Pinaster,
by Fonseca and Marques 2006) for managed maritime pine
stands. The algorithm used to incorporate the SB in
ModisPinaster was based on the parameter recovery method
in combination with parameter prediction proposed by Par368
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resol (2003). In brief, in his approach, Parresol assumed that
the minimum location parameter was prespecified (set to
0.8 of minimum diameter in ModisPinaster). The range and
two-shape parameters were then recovered from the median
and the first two noncentral moments of the diameter distribution (average diameter and quadratic mean diameter).
However, the location parameter can be a difficult variable
to predict accurately as smaller trees in a stand are greatly
influenced by microsite heterogeneity and silvicultural factors. In addition, the minimum diameter for a stand will
change over time and with management practices. For example, thinning stands from below results in a change in the
location parameter.
The objective of this article was to present a method to
recover all four parameters of the Johnson’s SB distribution
by extending Parresol’s (2003) research. With this new
method, the parameters of the SB PDF can be solved by
equating parameters of the empirical diameter distribution
to their analytical counterparts from the SB PDF. The
method is then used to fit a diameter distribution for maritime pine stands.

Three-Parameter Recovery Method
The common procedure to fit the SB PDF is to reduce the
four-parameter distribution to a two (or three)-parameter
distribution. One or both of the location and range parameters are predicted directly, as a function of extreme diameter values in the sample data. The remaining parameters are
then often solved from percentiles or moments. Knoebel and
Burkhart (1991) relied on the two-percentile method to
recover ␥ and ␦. Scolforo et al. (2003) described a moment
approach to solve for the shape parameters making use of
the proximate solutions given by Johnson and Kitchen
(1971b). Parresol (2003) developed a percentile-moment
method to simultaneously solve for the range and the shape
parameters.
As an alternative, using parameter recovery models,
stand-average attributes are directly predicted and then used
to obtain estimates of the underlying diameter distribution
(Hyink and Moser 1983). Parresol (2003) described a threeparameter recovery approach, in which the location parameter was separately estimated. He estimated  using regression techniques to extrapolate the random variable breast
height diameter (d) to the lower bound. Using this estimated
location parameter, he then solved for the range and twoshape parameters, using a transformation presented in Johnson and Kotz (1970). Although there is no closed form
expression for the SB PDF, if the random variable X ⬃ SB
(, , ␥, ␦), where X is the diameter, then
z ⫽ ␥ ⫹ ␦ ln关共 x ⫺ 兲/共 ⫹  ⫺ x兲兴 ⬃ N共0, 1兲.

(2)

Given a new variable,
y ⫽ 共 x ⫺  兲/  ,

(3)

it follows from Equation 2 that
z ⫽ ␥ ⫹ ␦ ln关 y/共1 ⫺ y兲兴 ⬃ N共0, 1兲.

(4)

The new random variable, Y, will follow a distribution
with the same shape parameters as X (Johnson and Kotz

1970). Using the Y random variable, the SB PDF (Equation
1) becomes
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Setting z in Equation 4 equal to zero and rearranging in
terms of parameter ␥ gives

␥ ⫽ ␦ ln共1/y0.50 ⫺ 1兲

(6)

where y0.50 is the median of Y.
By using the statistical expectation of XP in terms of the
Y variable,
E共X兲 ⫽ d ⫽ E共 ⫹ Y兲 ⫽  ⫹ 1⬘共Y兲,

(7)

E共X2 兲 ⫽ dg2 ⫽ E共 ⫹ Y兲2
⫽  2 ⫹ 2  ⬘1 共Y兲 ⫹  2  ⬘2 共Y兲,

(8)

where r⬘ denotes the rth noncentral moments of Y and d is
the average tree diameter. Quadratic mean diameter (dg) is
functionally related to number of trees per unit area (N) and
basal area per unit area (G): G ⫽ kNdg2. Hence, Equation 8
is equivalent to
G ⫽ kN关  2 ⫹ 2  ⬘1 共Y兲 ⫹  2  ⬘2 共Y兲兴.

(9)

Because z is a unit normal variate, the rth noncentral
moment of Y is
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subsequently obtained from the mean and the SD of X. To
our knowledge, the use of the third noncentral moment of X
for moment-based recovery of a PDF has never been attempted for the SB distribution. Burk and Newberry (1984)
selected the third noncentral model as their first choice for
their three-parameter Weibull function recovery system.
However, they warned that 3⬘ was as not readily understood
for diameter distributions as 1⬘ (d ) and 2⬘ (dg2). More
recently, Gove and Patil (1998) showed that weighted distribution theory provides an interpretation of the third moment in the context of easily determined variables. Specifically, interpretation arises when diameter distributions are
displayed with respect to tree basal area (basal area-sized
distribution [BASD]), rather than to tree frequency. The
expected value of a BASD of tree diameters (d*2) can be
expressed as the ratio of successive noncentral moments of
the original unweighted diameter distribution, specifically,

(10)
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Designating the BASD mean as d G, it follows that the third
noncentral moment of the diameter distribution is the product of the mean of the BASD and the squared quadratic
mean diameter, that is,

 ⬘3 共d兲 ⫽ d G dg 2 .
Using the statistical expectation of X3 for the SB distribution
follows
E共X3 兲 ⫽ E关共X兲3 兴 ⫽ E关共 ⫹ Y兲3 兴.
Hence
d G dg 2 ⫽  3 ⫹ 3  2  ⬘1 共Y兲 ⫹ 3  2  ⬘2 共Y兲 ⫹  3  ⬘3 共Y兲.
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The relationship in Equation 6 is first used to eliminate ␥ in
Equations 7 and 9 by substitution on Equation 10. The
resulting system of two equations and two unknown parameters is nonlinear and must be solved by numerical procedures (see Parresol 2003 for details on the technical solution). Given estimates of G, N, d , median tree diameter
(d0.50), and the  parameter and Equations 7 and 9, the
system is iteratively solved for  and ␦. Parameter ␥ is then
determined from Equation 6.

All-Parameter Recovery Method
Alternatively, the four parameters of the SB PDF can be
recovered using a percentile-moment based procedure. To
recover all of the parameters of the SB distribution using
Parresol’s approach, a fourth equation must be added to
Equations 6, 7, and 9. Our proposed approach relies on the
50th percentile and the first three noncentral moments of
diameter distribution to solve this problem.
Johnson and Kitchen (1971a) described the construction
of tables for fitting SB distributions, using the first four
moments. In their approach, they determined ␦ and ␥, given
values of the moment ratios 公␤ 1 and ␤2. Given shape
parameter values, the location and range parameter could be

(11)
Adding Equation 11 to Parresol’s system results in recovery of all parameters, including the location () parameter. The BASD mean (d G) can be calculated from the plot
diameters as a weighted mean using as the weight function
the individual basal area (g) values,
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Equations 6, 7, 9, and 11 are our proposed system to recover
all the parameters of the SB distribution. The relationship in
Equation 6 is used to eliminate ␥ in Equations 7, 9, and 11.
We are then left with a system of three nonlinear equations
with three unknown parameters. Theoretically, this system
allows recovery for the SB parameters. However, solving a
system of three nonlinear equations that involve the moments of Y is not straightforward.
To solve the four-parameter SB recovery-model, we developed a technical procedure using the three-dimensional
Levenberg-Marquardt algorithm. The partial derivatives
needed to implement the technical procedure are given in
the Appendix. Details of pseudomoments evaluation are
given in Parresol (2003). The procedure was programmed in
Forest Science 55(4) 2009
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SAS (SAS Institute, Cary, NC) language, using optimization theory (details about the SB parameter recovery programs are presented in Parresol et al. 2009). In this article,
no further details on technical fitting procedures are
presented.

Parameter Recovery for Maritime Pine
Stands
Data Description
This study used information from the database on maritime pine (Data_Pinaster) created and maintained over the
last two decades at the Forestry Department of the University of Trás-os-Montes e Alto Douro. A total of 50 diameter
distributions from sampled stands in Tâmega’s Valley in
North Portugal (latitude range: 41°15⬘– 41°52⬘N; longitude
range: 7°20⬘– 8°00⬘W) were randomly selected for evaluation purposes. In each stand, circular 0.05-ha plots had been
established. Available tree characteristics were diameter
outside bark at breast height (d, cm) of all living trees
exceeding 0 mm d at 1.30 m height; total height (h, m) and
height to live crown (hc, m) for a subset of trees; and mean
height of the 100 largest trees per ha for stand dominant
height (hd, m) and site index (SI, m) evaluation. Diameters
were measured to the nearest mm and heights to the nearest
dm. Stand age (t, years) was evaluated in the dominant trees.
Characterization of stand variables is shown in Table 1.
Values of SI, at the index age of 35 years, were estimated
using Marques’ (1991) model. According to the SCC_PP
system (Fonseca et al. 2005), 29 sampled stands are homogeneous in diameter variability, whereas the remaining 21
stands are classified as heterogeneous, with 18 stands having irregularly shaped diameter distributions.
The estimated skewness, 公b 1 , values range from ⫺1.57
to 1.22 and estimated kurtosis, b2, values vary from 1.55 to
5.36. Figure 1 shows these estimates in the (␤1, ␤2) space,
together with two reference lines. Certain combinations of
␤1 and ␤2 are mathematically impossible and occur in the
region above the line ␤2 – ␤1 – 1 ⫽ 0. From Figure 1, 43
empirical distributions are in the SB region (three are seen to
be close to the SL top limit) and the remaining seven are in
the SU region, all being included in the logit-logistic shape
domain (see Wang and Rennolls 2005 for details on the

Figure 1. Representation of the 50 observations in the
(␤1, ␤2) space of skewness squared and kurtosis. Each mark
represents a single distribution that has a position determined
by the values of estimated skewness and kurtosis. The area
above the top line (␤2 – ␤1 – 1 ⴝ 0) defines the impossible
region. The lower line corresponds to the SL distribution and
separates the SB region (area between the impossible region
and the SL line) from the SU region (area below the SL line).

logit-logistic domain limits). The graph suggests that 20%
of study cases might be more adequately represented by
another distribution rather than Johnson’s SB.

Assessment Criteria
Model adequacy was evaluated by analysis of the goodness of fit, using 5-cm wide diameter classes, which is the
usual range adopted for softwood species in Portugal. Goodness of fit was evaluated both by the Kolmogorov-Smirnov
test and by the error index (Reynolds et al. 1988). The error
index (EI) of each diameter distribution was calculated as
the sum of the absolute deviations of the class basal areas,

冘 ⱍĜ ⫺ G ⱍ,
k

e⫽

j

j

j⫽1

Table 1.

Stand characteristics of the test material

Variable

Minimum

Average

Maximum

SD

t (years)
hd (m)
SI (m)
N (trees ha⫺1)
G (m2 ha⫺1)
d0.50 (cm)
d (cm)
dg (cm)
d G (cm)
dmin (cm)
dmax (cm)

16
7.4
10.2
260
8.9
7.2
7.4
7.8
9.1
1.9
14.5

36
14.7
15.2
1092
27.9
19.8
20.0
20.8
22.8
10.1
31.3

55
24.3
21.3
2940
66.8
41.0
40.4
40.9
42.3
23.4
51.2

10.6
4.0
2.6
767
11.9
7.1
7.0
7.0
7.3
6.2
8.3

t, stand age; hd, dominant height; SI, site index at 35 years reference age;
G, basal area; N, number of trees per hectare; d0.50, median diameter; d ,
average diameter dg, quadratic mean diameter; d G, mean basal area-sized
distribution; dmin, ⫽ minimum diameter; dmax, maximum diameter.
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where Ĝj and Gj are the estimated and the observed basal
area of diameter class j.

Results and Discussion
Initial stand conditions (stem diameter distribution median, mean and quadratic mean values, and BASD mean
value) were input into the SAS program for parameter
recovery. Convergent solutions were obtained for all stands.
Location and range parameter estimates were found to be all
greater than zero and, in general, conformed to two logical
constraints: ˇ being less than the observed minimum diameter (dmin) and ˇ ⫹ ˇ being greater than the maximum value
of the observed diameter (dmax).
Using the solutions of ˇ , ˇ , ␦ˇ , and ␥ˇ , the 50 estimated

distributions were generated and compared with the observed distributions. The Kolmogorov-Smirnov goodnessof-fit tests for the 50 distributions resulted in rejection of the
null hypothesis at the ␣ ⫽ 0.05 level for two diameter
distributions with (b1, b2) values that fell in the SB region.
The median value of the error index for the 50 distributions
was 5.80 m2 ha⫺1. For comparison purposes, the error index
analysis was carried out also for the three-parameter recovery model proposed by Parresol (2003). With Parresol’s
approach, a 100% convergence rate was also achieved.
Figure 2 gives the frequency polygons for the EI values for
both the four-parameter and three-parameter recovery approaches. The averages (SD) for the EI values using the
three-parameter versus the four-parameter recovery approach were 8.01 (6.16) and 7.70 (5.58) m2 ha⫺1, respectively. The averages and the shapes of the frequency polygons show that differences among simulated and observed
distributions, weighted by basal area, are generally alike
between the two parameter recovery approaches, indicating
that the four-parameter recovery approach compares with
the earlier one, while providing an estimate of the location
parameter simultaneously. Analyzing the differences in EI
values for the complete data set through the Wilcoxon
(Wackerly et al. 1996) signed-rank test corroborates the
resemblance (⫺36.0 with a P value of 0.732) of fit between
the estimated distributions using both approaches. For a few
stands both approaches gave poor fits, suggesting that the
empirical distributions are not of the assumed form or that
the parameters have not been related to stand variables in a
suitable way (Reynolds et al. 1988).
For this study, we used observed values of the stand
variables as input, but predicted or projected stand variables
can also be used. In addition, it should be pointed out that
the supplementary variable needed for the complete parameter recovery procedure can be easily predicted from stand
variables. For the case study data set, we obtained correlations greater than 0.75 between d G and the stand variables t,
N, hd, and dg. Similar correlation values were obtained for
d and d0.50 and t, hd, and dg. Accordingly, the four-parameter recovery approach is an interesting alternative to former

models in a recovery-approach context for growth and yield
studies as it does not require prespecification of location
and/or range parameter values. As pointed out by a reviewer, in the case of symmetrical distributions, d0.50 equals
d , and the four-equation recovery method reduces to a
three-equation recovery method.

Concluding Remarks
In this article, an all-parameter recovery method to obtain the four parameters of the Johnson’s SB PDF was
presented. The approach uses stand-level variables that are
easily understood. Moments such as mean diameter and
quadratic mean diameter are well understood in terms of
their relationship to stand characteristics, such as density,
age, and site index. The fourth variable required in the new
SB model not only has a meaningful interpretation (as
shown by Gove and Patil 1998), but also it can be easily
calculated from tree diameters or predicted without difficulty from stand inventory variables.
Moments of SB distributions are difficult to obtain analytically and hence parameter estimation by the method of
moments is not easy. We applied the three-dimensional
Levenberg-Marquardt routine to the resulting system of
equations to solve for the parameters. Designing a system of
logical and objective constraints using optimization theory
led to a 100% convergence rate for the 50 maritime pine
stands tested. From a technical perspective, the SB parameter recovery model worked extremely well. We want to
point out that a simpler system could be obtained using four
percentiles. Although the percentile method is easier, it has
three main disadvantages: it does not provide a unique
solution because parameter estimates depend on the percentile points chosen; it is not clear what percentiles should be
chosen; and percentiles, in general, have no ready biological
interpretation as do moments.
Our case study results show that the all-parameter recovery model provides good approximations of the observed
maritime pine diameter distributions. These results indicate
that the all-parameter approach is a useful alternative for
recovering parameters of the SB distribution for diameter
distributions of other species.
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Appendix
The three-dimensional Levenberg-Marquardt algorithm
can be written in vector notation as
xi⫹1 ⫽ xi ⫺ 关J⬘共xi 兲J共xi 兲 ⫹ ci I兴⫺1 J⬘共xi 兲f共xi 兲,
where ci ⱖ 0 is a scaling factor and the Jacobian at each
iteration point xi is
Ji ⫽

冉 冊
⭸fj
⭸x共 k 兲

x⫽xi.

Let us denote the relationships in Equations 7, 9, and 11 as
the fj:
f 1 ⫽  ⫹  ⬘1

(A1)

f 2 ⫽ 关  2 ⫹ 2  ⬘1 ⫹  2  ⬘2 兴kN

(A2)

f 3 ⫽  3 ⫹ 3  2  ⬘1 ⫹ 3  2  ⬘2 ⫹  3  ⬘3

(A3)

The Jacobian matrix of this system is

J⫽

冤 冥
⭸f1
⭸

⭸f1
⭸

⭸f1
⭸␦

⭸f2
⭸

⭸f2
⭸

⭸f2
.
⭸␦

⭸f3
⭸

⭸f3
⭸

⭸f3
⭸␦

r
⭸  ⬘r
⫽ 2 共 ˜ ⬘r ⫹1 ⫺ ˜ ⬘r 兲,
⭸␦
␦
(A4)

The partial derivatives of Equations A1–A3 with respect to
the x(k) parameters (, , and ␦) depend on the partial
derivatives of the moments of Y(r⬘, see Equation 10). The
partial derivatives of the moments of Y can be expressed as
r
⭸  ⬘r
⫽
共  ⬘ ⫺  ⬘r 兲,
⭸
共  ⫺ d 0.50 ⫹  兲共d 0.50 ⫺  兲 r ⫹1
r
⭸  ⬘r
⫽
共  ⬘ ⫺  ⬘r 兲,
⭸
 ⫺ d 0.50 ⫹  r ⫹1

(A5)

(A7)

where ˜ r⬘ in Equation A7 denotes the pseudomoment of Y
(Parresol 2003, p. 4).
Using the results of Equations A5–A7, the partial derivatives of f1, f2, and f3 with respect to the , , and ␦
parameters are
⭸f 1
 2 共  ⬘2 ⫺  ⬘1 兲
⫽1⫹
⭸
共  ⫺ d 0.50 ⫹  兲共d 0.50 ⫺  兲

(A8)

 共  ⬘2 ⫺  ⬘1 兲
⭸f 1
⫽  ⬘1 ⫹
⭸
 ⫺ d 0.50 ⫹ 

(A9)

⭸f 1

⫽ 2 共 ˜ ⬘2 ⫺ ˜ ⬘1 兲
⭸␦ ␦

(A10)

(A6)

冋
冋

册
册

 2 共  ⬘2 ⫺  ⬘1 兲 ⫹  3 共  ⬘3 ⫺  ⬘2 兲
⭸f 2
⫽ 2  ⫹  ⬘1 ⫹
kN
⭸
共  ⫺ d 0.50 ⫹  兲共d 0.50 ⫺  兲

(A11)

 共  ⬘2 ⫺  ⬘1 兲 ⫹  2 共  ⬘3 ⫺  ⬘2 兲
⭸f 2
⫽ 2  ⬘1 ⫹  ⬘2 ⫹
kN
⭸
 ⫺ d 0.50 ⫹ 

(A12)

⭸f 2 2 
⫽ 2 关  共 ˜ ⬘2 ⫺ ˜ ⬘1 兲 ⫹  共 ˜ ⬘3 ⫺ ˜ ⬘2 兲兴kN
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␦

(A13)

冋
冋

⭸f 3
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册
册

(A14)

 2  共  ⬘2 ⫺  ⬘1 兲 ⫹ 2  2 共  ⬘3 ⫺  ⬘2 兲 ⫹  3 共  ⬘4 ⫺  ⬘3 兲
⭸f 3
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⭸
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(A15)

⭸f 3 3  2
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⭸␦
␦

(A16)

Substituting Equations A8 through A16 into Equation A4 gives the three-dimensional Levenberg-Marquardt formula to solve
the system of equations.
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